In this paper, we construct a semi-discrete scheme and a fully discrete scheme using the Wilson nonconforming element for the parabolic integro-differential equation arising in modeling the non-Fickian flow in porous media by the interior penalty method. Without using the conventional elliptic projection, which was an indispensable tool in the convergence analysis of finite element methods in previous literature, we get an optimal error estimate which is only determined by the interpolation error. Finally, we give some numerical experiments to show the efficiency of the method.
Introduction
Consider the numerical solution of the non-Fickian flow in porous media modeled by an initial boundary value problem of the following parabolic integro-differential equation: This kind of flow is complicated by the history effect, which characterizes various mixing length growths of flow. This model of equation is widely applied in many fields, such as in non-Fourier models for heat conduction in materials with memory, in engineering models for nonlocal reactive transport in porous media and in the theory of nuclear reactors. There are many studies on the existence and uniqueness of its solution, also, on the numerical solution of it.
There are many papers on the numerical methods for this kind of problems. Ewing et al. To overcome these disadvantages of the finite element methods, the interior penalty method was introduced. The study of this method traces back to the s. Douglas etc.
provided a framework for the analysis of a large class of discontinuous methods for second- we got an optimal estimate by the C  interior penalty method using Adini element and the penalty parameter was accurately estimated. Brenner et al.
[] developed isoparametric C  interior penalty methods on smooth domains and proved the optimal convergence in the energy norm. Comparing with the standard finite element method, the main advantages of the interior penalty method include the ability to capture discontinuities, and less restriction on grid structure and refinement as well as on the choice of basis functions.
In this paper, we use this idea and construct a semi-discrete scheme and a fully discrete scheme using the Wilson nonconforming element for the parabolic integro-differential equation arising in modeling the non-Fickian flow in porous media. Without using the conventional elliptic projection, which was an indispensable tool in the convergence analysis of finite element methods in previous literature, we get an optimal error estimate which is only determined by the interpolation error. Finally, we give some numerical experiments to show the efficiency of the method.
The rest of the paper is organized as follows. We give a semi-discrete scheme using the interior penalty method in Section . Section  contains the convergence analysis of the semi-scheme. In Section , we give the convergence analysis of the fully discrete scheme.
Finally, some numerical experiments are carried out in Section .
The semi-discrete scheme of non-Fickian flow in porous media
In this section, we give a new semi-discrete scheme using the interior penalty method. For simplicity, we consider the problem on a plane domain, that is, ⊂ R  .
Suppose that f = f (x, t) is a given smooth function, A = A(x) and B(t) = B(x, t) are  ×  bounded matrices and A is strongly elliptic: there exist positive constants k  , k  and a * , a * such that
The variational form of (.) is to find u :
Let {T h } be a family of regular rectangle partitions of . That is, denoted by h T , h the diameter of the element T ∈ T h and max T∈T h h T , and by ρ T the superior diameter of all circles contained in T, respectively, then it is assumed that h T ρ T ≤ σ in which σ is a positive constant. We denote by {E h } the set of all boundaries of T h . We write h E for the diameter of a boundary E ∈ E h . Now introduce the jump and average of a piecewise smooth function f as follows. Let E = ∂T ∩ ∂T be an interior boundary shared by two elements T and T . Then the jump of f over E is defined by
and the average as
The Wilson finite element is defined as follows. The freedom is described as
The finite element space is defined as
v h (a) =  for all nodes a on ∂ .
h : H  ( ) → V h is the corresponding interpolation operator and define that (·,
To improve the convergence order, we introduce a new semi-discrete scheme: Find u h :
where α is a proper constant.
The new norm in the space V h is defined as
which is larger than the traditional discrete norm.
To prove the convergence order of the new scheme, we first introduce several lemmas.
Lemma . There exists a positive constant C, such that
The proof of the lemma is complete.
Lemma . Let {T h } be a regular rectangle partition of , then there exists a positive constant C such that
Proof By applying Lemma . and the inverse inequality, we have
The second inequality can be proved by the same argument.
Proof Obviously, they are bilinear forms. According to definition (.), Hölder's inequality and Lemma .,
So a h (·, ·) is a continuous bilinear form.
Since
Select the appropriate value of independent of h to ensure C  = min{a * -, α - 
Proof The first inequality of the above conclusion is obvious according to the interpolation theory.
The second inequality u -h u h ≤ Ch  |u|  is obtained. The third inequality can be proved by the same argument.
Theorem . Assume that u and u h are the solutions of (.) and (.), respectively. If u, u t ∈ H  ( ), u tt ∈ H  ( ), then there exists a positive constant C such that
Using the Green's formula, we can get
Therefore,
This is the key of the paper. Then we have
Let θ h = h u -u h and taking v h = θ h in (.), we can obtain
Select the appropriate values of  ,  and  independent of h to ensure
Integrating both sides of (.) from  to T and noticing that θ h () = , we obtain
Gronwall's lemma now implies
So the error between the discrete solution u h and the exact solution u is
The proof of the theorem is complete.
Analysis for the fully discrete scheme
Denote by t = T/N the time increment, where N is a positive integer,
For a given smooth function f (s), we have that
Then the fully discrete scheme can be formulated as follows:
Theorem . The fully discrete scheme (.) has one and only one solution.
Proof Let {ϕ i } r i= be a set of basis functions in V h , then u n h can be expressed as u
. . , r) and scheme (.) can be written as follows: Find
where ψ  is given by u
The coefficient matrix X + tY + ( t)  Z n is a symmetric positive definite matrix, so scheme (.) has one and only one solution.
Theorem . Assume that u n and u n h are the solutions of (.) and (.), respectively. If
There holds the following error equation:
That is,
Now we analyze the right-hand side of (.) by ε-Cauchy inequality.
According to the definition of R n  and ε-Cauchy inequality, we get
Sum up from i =  to N , applying Gronwall's inequality and noticing that θ () = , we can get
So we get
Numerical example
Consider the parabolic integro-differential boundary value problem: tervals by point  = t  < t  < t  < · · · < t M = , where t n = n t. Moreover, define u n = u(·, n t) for  ≤ n ≤ M and denote the first-order backward Euler difference quotient as u t (·, n t) = u n+ -u n t . Then the fully discrete scheme can be formulated as follows: Select α =  and t =  N  s, in which N  is the square partition of , we respectively get the error and the order at t = .s, .s, s in Table  . The curve of the error estimate at t = .s, .s, .s is drawn in Figure  . The following graphics describe the discrete solution u h and the real solution u at t = s, respectively.
From Table  
Conclusions
In this paper, for the parabolic integro-differential equation, we present a new nonconforming scheme in which the consistency term vanishes. Therefore, we get an optimal error estimate which is only determined by the interpolation error. Finally, some numerical experiments show the efficiency of the method.
